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With the present paper we conclude the presentation of a semianalytical model of hierarchical
clustering of bound virialized objects formed by gravitational instability from a random Gaussian
eld of density uctuations. In paper I, we introduced the basic tool, the so-called \conuent
system" formalism, able to follow the evolution of bound virialized objects in the peak model.
This was applied to derive the mass function of objects. In the present paper, we calculate other
important quantities characterizing the growth history of objects. This model is compared with a
similar one obtained by Lacey & Cole (1994) within the Press & Schechter (1974) framework. The
interest of the new modeling presented here is twofold: 1) it is formally better justied as far as
peaks are more reasonable seeds of objects than the indetermined regions considered in the Press
& Schechter (1974) prescription, and 2) it distinguishes between merger and accretion enabling us
to dene the formation and destruction of objects in a strict sense and to estimate growth rates
and characteristic times which were not available in the previous approach.
Subject headings: cosmology: theory { galaxies: clustering { galaxies: formation
1. INTRODUCTION
Observational data on the distant universe are be-
coming increasingly numerous and detailed. Com-
parison with the nearby universe harbors important
information on the formation and evolution of cos-
mic objects. However, our capability of extracting
accurate cosmological implications from these obser-
vations is severely limited by the lack of an accurate
model of gravitational clustering. This is a funda-
mental lack only partially replaced by numerical sim-
ulations.
In the most studied scenario of structure formation
via gravitational instability from a primordial ran-
dom Gaussian eld of density uctuations, a rst im-
portant step towards the construction of a clustering
model was achieved by Press & Schechter (1974; PS)
who derived a practical analytical estimate for the
number density of bound virialized objects of mass
M at any given epoch. This mass function was later
on shown to agree with N -body simulations (Nolthe-
nius & White 1987; Efstathiou et al. 1988; Efstathiou
& Rees 1988; Carlberg & Couchman 1989; White et
al. 1993; Bahcall & Cen 1993; Lacey & Cole 1994).
But the mass function alone does not provide all
the information required in many cosmological prob-
lems. The rates at which objects grow and the char-
acteristic times of this process are also needed (e.g.,
Toth & Ostriker 1992; Richstone, Loeb, & Turner
1992; Kauman, White & Guiderdoni 1993; Lacey
& Cole 1993; Gonzalez-Casado, Mamon, & Salvador-
Sole 1994; Kauman 1994; Gonzalez-Casado et al.
1995). Richstone, Loeb, & Turner (1992) used the
time evolution of the PS mass function to estimate
the formation rate of objects of mass M at dierent
epochs. However, this is not yet a very accurate esti-
mate since the time derivative of the mass function is
equal to the rate at which objects reach mass M mi-
nus the rate at which they leave this state, both terms
having comparable values.
Following the PS original prescription or a better
sound version of it using the excursion set formalism,
Bower (1991) and Bond et al. (1991), respectively,
derived the mass function of objects of a given mass
at a given epoch subject to the condition of being part
of another object with a larger mass at a later time.
This conditional mass function was used by Lacey &
Cole (1993; LCa; see also Kaumann & White 1993)
to infer self-consistent estimates of the instantaneous
merger rate and the typical age and survival time of
objects. Many features of this clustering model have
been shown by Lacey & Cole 1994 (LCb) to agree
with N -body simulations. However, as recognized by
these authors, there is the formal caveat that the PS
approach on which it is based is heuristic. In partic-
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ular, the seeds of objects are indetermined (possibly
even unconnected) regions. As a consequence, one
cannot really count objects with a given mass but
just calculate the probability that a given point is in
an object of that mass, which is at the base of a slight
self-inconsistency in the analytical estimate of the for-
mation time for power spectra with index n > 0 (see
LCa).
In Manrique & Salvador-Sole 1995 (paper I), we de-
veloped the so-called conuent system formalismable
to follow the ltering evolution of peaks (Salvador-
Sole & Manrique 1994). This formalism was applied
to derive a mass function of objects fully justied
within the peak model framework, which approxi-
mately recovers the PS mass function for appropriate
values of two parameters governing the dynamics of
collapse (see also Salvador-Sole & Manrique (1995)
for a complementary insight into this model). In the
present paper, we apply this formalism to calculate
the above mentioned rates and times characterizing
the growth history of objects. The new clustering
model is similar to that developed by LCa in the sense
that these quantities are derived from the statistics of
the random density eld at a xed, arbitrary, epoch
after recombination when uctuations are still linear
(and the growing factor only depends on time at all
interesting scales) and Gaussian distributed, and the
dynamics of collapse are approximated by the spheri-
cal model. However, it is physically better motivated
since the assumed seeds of object are peaks instead
of the indetermined regions considered in the PS ap-
proach. Moreover, it makes the eective distinction
between merger and accretion which is at the base of
some interesting advantages as compared to LCa's.
The conditional mass function in the PS approach
enables one to follow any instantaneous mass increase
of objects, event which is generically called merger.
Accretion would be any merger experienced by an ob-
ject with other objects of mass below some arbitrary
resolution. But this latter concept does not play any
role in this model; all quantities are calculated from
the sole denition of merger. In other words, the dis-
tinction between merger and accretion is a pure con-
vention with no practical relevance. This viewpoint is
in agreement with the fact that, in hierarchical clus-
tering, there is one unique physical process of mass in-
crease of objects: the capture of other objects. How-
ever, it is at the same time somewhat contradictory
with other aspects of the growth history of objects.
For usual power spectra of the initial density eld, the
number density of objects diverges at small masses.
One is therefore led to the fact that objects continu-
ously experience mergers and, consequently, have no
stability. So one cannot strictly talk about their sur-
vival or about their formation and destruction (ac-
cording to the conventional meaning of these words).
This is why, in the LCa model, the age and survival
time of an object are dened in terms of the relative
variation in mass along the series of objects with em-
bedded mass connecting with it. There is no notion in
these denitions of specic events marking the begin-
ning or the end of one entity. In contrast, the conu-
ent system formalismmakes, as mentioned, the eec-
tive distinction between merger and accretion. Cap-
tures are eectively classied into \tiny" ones con-
tributing to the (quasi-)continuous mass increase of
objects, called accretion, and \notable" ones destroy-
ing and giving them rise, called mergers. Therefore,
objects do survive for some period of time in this
model, and the concepts of age and survival time of
objects can be properly dened in terms of specic
events marking their appearance and disappearance.
As will be shown, this characteristic of the new model
leads to a ner description of the hierarchical cluster-
ing process than the one provided by the LCa model.
But is there, in hierarchical clustering, any natu-
ral dierence between \tiny" and \notable" captures
justifying the viewpoint we propose? The answer is
yes. Some captures do not essentially alter the in-
ternal kinetic and potential energies for the particles
constituting the capturing object from the initial to
the nal states. There is just a small departure in
the values of those energies of the order of the nor-
mal statistical uctuations they would normally ex-
perience without any such capture. So the system
remains essentially unaltered despite the necessarily
slight (in this case) extra mass added, and one can
naturally say that the object survives to the capture.
In other occasions, possibly the same preceding events
but considered from the viewpoint of the partner ob-
ject, there is a marked departure in the internal ki-
netic and/or potential energies of the particles of the
capturing object. This departure reects an impor-
tant rearrangement of the system as it virializes in
the new potential well, and we can then naturally say
that we are dealing with a dierent object after the
capture. Of course, the exact frontier between these
two kinds of captures is subject to discussion, but just
at the same level as the frontier between a virialized
and a non-virialized system. The theory of gravita-
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tional clustering simply assumes one can decide, in
practice, when a structure is virialized. Likewise, it
can be also assumed that one can tell between accre-
tion or merger in the preceding sense.
In x 2 we remind the basic lines of the conuent
system formalism. In x 3 we derive the instantaneous
formation, destruction, and mass accretion rates of
objects. Their typical ages and survival times are
calculated in x 4. Our results are discussed in x 5.
The notation used in this paper is the same as in pa-
per I. Since many calculations are based on results
obtained by Bardeen et al. (1986; BBKS) we have
kept as close as possible to the notation introduced
by these authors. The main dierence comes from
the fact that we deal with three dierent kinds of
densities, while BBKS only dealt with one. Special
caution must be made in not mixing them up. Firstly,
there are the normal and conditional density functions
of peaks at a xed ltering scale R per innitesimal
ranges of , i.e., the density contrast  scaled to the
rms value 
0
(R), and other possible variables. These
were already dened in BBKS and are denoted by a
caligraphic capital n just as in that paper. A minor
dierence with the notation used in BBKS is that we
specify the xed value of the ltering scale R as one
parameter. For example, we write N (;R) d instead
of N () d. Second, there are the normal and con-
ditional density functions of peaks at a xed density
contrast  per innitesimal ranges of the ltering scale
R and other possible variables. These density func-
tions, already introduced in paper I, are denoted by
a roman capital n with the xed value of  as one pa-
rameter. We write, for example, N (R; ) dR. Finally,
and this is a novelty, there are also density functions
per innitesimal ranges of both R and  (or the cor-
responding massM and time t, respectively) and any
other extra variable. These are denoted by a capital n
in boldface, for example,N(R; ) dRd. These dier-
ent symbols, N , N , and N, are usually accompanyed
by one superindex specifying the characteristic prop-
erty (if any) of the peaks involved and the subindex
pk or no subindex at all depending on whether all
peaks with that characteristic property are included
or just those of them tracing bound virialized objects
(see x 2), respectively. Hereafter, all quantities are
comoving.
2. THE CONFLUENT SYSTEM FORMALISM
According to the peak model ansatz, there is a cor-
respondence between peaks of xed linear overdensity
in the ltered density eld at some arbitrary initial
epoch t
i
and objects at the time t. The overdensity

c
is assumed to be a decreasing function 
c
(t) of the
collapse time and the ltering scale R an increasing
function R(M ) of the mass of the resulting objects.
This leads to the natural identication and distinction
between each other of accretion and merger events in
the ltering process. A peak on scale R + R, with
R positive and arbitrarily small, is the result of the
evolution by accretion of a peak on scale R provided
only that the volume (mass) subtended by the for-
mer is embedded within that subtended by the latter.
(Strictly, we should talk about volumes subtended
by \collapsing clouds associated to peaks", i.e., the
regions surrounding each peak which enclose a total
mass equal to that of the corresponding nal object at
t, rather than volumes subtended by \peaks". Like-
wise, we will say \nested peaks" instead of \peaks
with nested associated collapsing clouds".) When-
ever the identication between couples of peaks on
contiguous scales is not possible, that is, whenever
there is a discrete jump in scale between two consec-
utive embedded peaks, we are in the presence of a
merger. It is important to mention that the ltering
of the density eld must be carried out with a Gaus-
sian window for the density contrast  of peaks to
diminish with increasing ltering scale R as required
by consistency with the growth in time of the mass of
objects. Hereafter we assume this particular window.
When an object evolves by accretion its associated
evolving peak traces a continuous and derivable tra-
jectory (R) in the  vs. R diagram. (We are assum-
ing a continuous and innitely derivable density eld.)
In contrast, when an object merges the evolving peak
tracing it becomes nested on a larger scale peak with
identical , which yields a discrete horizontal jump in
scale of the associated peak trajectory in the  vs. R
diagram. Therefore, to compute the density of ob-
jects at t in an innitesimal range of masses dM we
must calculate the density of non-nested peaks with
xed value of  appropriate to t on scales in the in-
nitesimal range dR corresponding to dM . This den-
sity, N (R; ) dR, can be obtained from the density of
peaks satisfying identical constraints although disre-
garding whether they are nested or not, N
pk
(R; ) dR,
and the density of these same peaks subject to the
condition of being located in a background with the









) dR. Indeed, these three quantities
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are approximately related through (see eq. [A13])




















with M (R) the inverse relation to R(M ) and  the
mean density of the universe. Equation (1) is a
Volterra type integral equation of the second kind for
the unknown function N (R; ). This can be obtained
by means of the standard iterative process from the
known functions N
pk
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in terms of the nor-
mal and conditional density functions of peaks at a
xed scale R per innitesimal range of  = =
0
, cal-
culated by BBKS. In this latter expressions 
i
are
the i-th order spectral moments, which only depend
on R, and < x > and
g












in the latter case, dened in paper I.
The mass function of objects at t is then simply






with the dependence on M and t on the right hand
side given by the functions R(M ) and 
c
(t). As shown
in paper I, very general consistency arguments allow
one to determine the shape of these two functions as


























with a the cosmic scale factor and q and 
c0
two con-
stants governing the exact dynamics of collapse. For
CDM and the n =  2 power-law spectra, a good
t is obtained to the PS mass function for q equal
to  1:45 in both cases (in the power law case, the
larger n, the smaller q) and 
c0
equal to  6:4 and
8.4, respectively. (As mentioned in paper I, there
is no degeneracy in the present formalism between
these two parameters. It is therefore not surprising
that a value of q appreciably dierent from unity is
coupled to a value of 
c0
so dierent from the stan-
dard value of 1.686.) Strictly, equations (3) and (4)
are only valid for the scale-free case, i.e., an Einstein-
de Sitter universe (
 = 1,  = 0) and a power-law
spectrum. However, as shown in paper I, they are
good eective relations for other power spectra such
as the CDM one. Furthermore, following the same
strategy as in LCa, it should be possible to extend
the applicability of the model to the cases 
 6= 1
and/or  6= 0. We want to emphasize that the val-
ues of parameters q and 
c0
quoted above, and used
throughout the present paper to illustrate the practi-
cal implementation of the model, correspond to those
giving acceptable ts to the original PS mass func-
tion (for the standard top hat window and critical
threshold density) for the same cosmogonies. This
tting tends to privilege the small mass end while the
model will be nally applied rather to massive ob-
jects. Thus, ner values of these parameters should
be inferred by directly tting N -body simulations in
the relevant scales.
In the present paper we are concerned with the
density of objects forming or being destroyed in a
given interval of time. Given the characterization of
accretion and merger in the conuent system formal-
ism, it is clear that the density of objects merging and,
hence, being destroyed in a given interval of time is
simply equal to the density of non-nested peaks which
become nested along the corresponding decrement in
. But to calculate the density of forming objects we
must rst characterize those mergers which contribute
with the appearance of new objects. As just men-
tioned, when an object merges the non-nested peak
tracing its evolution in the  vs. R diagram expe-
riences a discrete jump in the scale. This does not
mean, of course, that every non-nested peak partak-
ing of the same event necessarily experiences this kind
of jump in the scale. The largest scale peak will the
most often just keep on evolving in a continuous man-
ner. This reects the well-known fact in gravitational
clustering that a merger from the viewpoint of one
given object can be a simple accretion from the view-
point of the most massive partner. It will sometimes
happen, however, that the scale of the largest scale
peak also experiences a discrete jump. Then, it will
not be possible to identify the nal non-nested peak
with any of its ancestors. This appearance of a new
non-nested peak therefore traces the formation of a
new bound object. Therefore, to calculate the den-
sity of forming objects in a given interval of time we
must compute the density of non-nested peaks which
appear, in the previous sense, along the corresponding
decrement of .
Before entering in the calculations a last remark
is in order. The continuous trajectory attached to
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an accreting non-nested peak can be suddenly trun-
cated (i.e., it is impossible to identify the peak at
the current  with any peak on the innitesimally
contiguous scale) without becoming nested. In the
peak model framework, this kind of ltering event can
only be interpreted as tracing the split of a bound
virialized object in small pieces. Since this is unre-
alistic from the gravitational viewpoint, this kind of
ltering events clearly invalidate the use of the con-
uent system formalism to follow the clustering pro-
cess of individual objects. However, our aim here is
not to follow the clustering of individual objects but
just to own a good statistical description of the gen-
eral clustering process. And what we only need for
this to be possible is the net density of appearing
non-nested peaks (once the density of disappearing
ones has been substracted), which reects the den-
sity of forming objects, be positive. On the other
hand, peaks not only become progressively nested into
each other but they can sporadically leave their hosts,
which is, once again, unrealistic in terms of virialized
objects. Hence, we also need the net density of peaks
becoming nested (once the density of peaks leaving
their hosts has been substracted), which reects the
density of merging objects, be positive. As shown be-
low, these two conditions are only fullled for massive
enough objects. But this shortcoming is rather formal
since the validity of the model seems, in any event, to
be guaranteed for any of its forseeable cosmological
applications.
The reason why this model is better behaved for
massive objects is clear: for any given 
c
, the larger
the scale, the higher the peak amplitude as compared
to the typical density uctuation given by 
0
(R), and
the closer are the dynamics of collapse to the spherical
approximation at the base of the peak model ansatz.
Indeed, the higher the peak, the more spherical its
shape and the more negligible the shear caused by
the surrounding matter. Both the CDM and power-
law power spectra used here to illustrate the general
behavior of the model lead to hierarchical clustering
(in the bottom-up fashion). In other words, their rms
density contrast, 
0
, decreases with increasing scale.
This implies that, on decreasing 
c
as the time goes
by, the fraction of peaks with scale larger than any ar-
bitrary xed value tends to increase. Therefore, the
nesting of smaller scale peaks tends to increase which
explains that the two net densities above are usually
positive. Note that, according to this argument, the
steeper the power spectrum the less restrictive should
the minimum mass of validity of the model be, in
agreement with what is found. (This would explain
the observed trend of the lower mass limit with t, or

c
, in the case of the CDM spectrum, since the char-
acteristic wavenumber of objects collapsing at earlier
times corresponds to a steeper regime of the power
spectrum.) Conversely, would the power spectrum
not lead to hierarchical clustering, the two net den-
sities above would hardly be positive even for very
massive objects. However, structure formation in the
top-down fashion requires the action of physical pro-
cesses other than just gravitational instability. So this
kind of clustering is anyway outside the scope of the
present model.
3. GROWTH RATES
As explained in the preceding section, objects
merging (and being destroyed) in the interval dt
are traced by peaks becoming nested within larger
scale peaks in the corresponding range  d. The
net density of peaks with  on scales between R
and R + dR becoming nested in non-nested peaks













d, is calculated in Appendix
B. By dividing it by N (R; ) dR we obtain the condi-
tional probability that a non-nested peak with  on
scales between R and R + dR becomes nested into a







. And from this conditional probability we
can readily infer the instantaneous (true) merger or
destruction rate at t for objects of mass M per spe-









































on the right hand side written in
terms of M , M
0
, and t, respectively, through equa-
tions (3) and (4).
This merger or destruction rate is plotted in Fig-
ure 1 for dierent masses M of the initial object and
t equal to the present time. As the mass M dimin-
ishes, a small dip develops at intermediate values of
the mass of the nal object M
0
(or the mass of the
merger partner M
0
 M ), nally reaching slightly neg-
ative values. This therefore establishes a lower limit
in M for the validity of the model. This lower limit
increases with increasing t not only in the power-law
cases owing to the self-similar character of such cos-
mogonies, but also in the CDM case. The latter be-
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(long-dashed lines), and 10
14
(dotted-dashed lines) for CDM (a) and n =  2 power-law (b) power spectra,
both normalized to (8h
 1
Mpc) = 0:67 in an Einstein-de Sitter universe with h = 0:5. In thin lines we plot the corresponding
merger rates drawn from the LCa model.
havior is also well understood since the smaller t, the
steeper the CDM power spectrum at wavenumbers
relevant for objects having previously collapsed. At
the present epoch, this lower limit is small but still









for the CDM and
n =  2 power law spectra, respectively. At a mod-
erate redshift of just 1:25 it already includes all rele-









, respectively. All these gures have
been obtained from the values of q and 
c0
quoted
above, hence, they might signicantly change when
using ner values of these parameters.
Working in the range of validity of the model only
guarantees its self-consistency, not its goodness. In
fact, the merger rate given by equation (5) shows a
very dierent behavior from that obtained by LCa.
As can be seen from Figure 1, both merger rates al-
most fully match each other at large M
0
  M (one
could even get a better agreement there by appropri-





  M the former vanishes while LCa's di-
verges (!). But this dramatic departure from the LCa
results does not mean that our model is wrong. It
is simply the consequence of the dierent denition
adopted for \merger". In the present model mak-
ing the distinction between merger and accretion the
(true) merger or destruction rate must vanish at small
partner masses because when there is a large dier-
ence between the mass of the capturing and the cap-
tured objects the event becomes an accretion and does
not contribute to that rate. In contrast, in the LCa
model not making that distinction the merger rate
diverges at small partner masses because there is a
divergent number of innitesimal mass captures all
contributing to the merger rate. Note that what is
compared with N -body simulations in LCb is actu-
ally not the merger rate, but the conditional prob-
ability that given an object of xed mass at some
initial epoch it is incorporated into a larger mass ob-
ject at a later time. This quantity does not depend
on the particular denition adopted for merger. So
the good agreement between theory and simulations
these authors found does not favor LCa's viewpoint
as compared that followed here.
From the conuent system formalism making the
natural distinction between accretion and merger we
can also calculate the transition rate including both
kinds of captures, mergers and accretion. Equation
(5) gives the rate at which objects of mass M merge






























, and 2:56 10
15
(the highest curve on the left) as a function of the
massM of the captured objects for the same cosmogonies (a) and (b) as in Fig. 1. Note that the range of M
0
used guarantee the full
applicability of the model for the whole range of the captured massesM plotted.
and are destroyed giving rise to objects of mass M
0
.
But from the viewpoint of these latter objects the
event can be seen either as accretion, if they can be
identied with the initial most massive partner, or
as a true merger, if they cannot. Thus, the instan-
taneous accretion+merger, or simply capture, rate
for nal objects of mass M
0
per specic innitesimal



















given by equation (5). This capture rate is
not fully comparable, either, to the LCa merger rate
as plotted in Figure 1. Firstly, it refers to the mass
M
0
of the nal object instead of to the mass M of
the initial object, although this is not a serious prob-
lem since LCa merger rate could also be written in
this form. Second, in the case of accretion only the
accreted object is counted as captured, not the accret-
ing one identied to the nal object of massM
0
, while
both objects would be counted in the LCa merger rate
for nal objects of mass M
0
because there is no iden-
tication, in this case, between the nal object and
any of the initial ones. Nonetheless, these dierences
mostly concern the large M end; at small M the ac-
cretion+merger or capture rate given by equation (6)
should also show a divergent trend as the LCa merger
rate. This is exactly what is found (see Fig. 2).
The previous destruction and capture rates are per
specic innitesimal range of mass of the nal or cap-
tured objects, respectively. To derive the respective






























 M; t) dM: (8)
Note that these global rates are obviously positive
down to much smaller masses M or M
0
than the re-
spective specic ones for the whole range of the extra
variable.
Let us now turn to the formation rate. Objects
forming in the interval of time dt from the merger
(from any viewpoint) of similarly massive objects
are traced by peaks appearing in the correspond-
ing range of density contrasts  d without being
nested within larger scale peaks. The net density of
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non-nested peaks appearing between  and    d,
N
f
(R; ) dRd, is calculated in Appendix C. By di-
viding it by N (R; ) dR we are led to the conditional
probability that a non-nested peak with scale R ap-
pears between  and    d. Therefore, the instanta-
























with R and 
c
on the right hand side written in terms
of M and t, respectively, through equations (3) and
(4). This formation rate is plotted in Figure 3.
Finally, by multiplying equation (5) by M
0
 M
we obtain the specic rate at which the mass M of
objects is increased at the time t owing to (true) merg-
ers and, by integrating this latter function over M
0
,
the instantaneous typical mass increase rate owing to


















Likewise, from equation (6) we can obtain the instan-
taneous typical mass increase rate for objects of nal
mass M
0















 M; t) dM: (11)
As shown in Appendix D, the idea of a transition
rate, by accretion, similar to those given by equations
(5) or (6) is meaningless because accretion is a con-
tinuous instead of a discrete process of mass increase.
In contrast, the mass increase rate by accretion does
make sense. The instantaneous mass accretion rate
for objects of mass M follows from the instantaneous
scale increase rate of the corresponding peaks as they
evolve along continuous and derivable trajectories in
the  vs. R diagram. This latter rate depends on the
particular value of the scaled Laplacian x of the peak
which is being followed. However, since we are inter-
ested in the typical mass accretion rate for objects of
massM disregarding any other property we must av-
erage over x. This is done in Appendix D. The result























with R and 
c
on the right hand side written in terms
of M and t, respectively, through equations (3) and
(4) and < x > the average mentioned after equation
(1).
It is important to outline that, in contrast to the
transition rates (5) to (9), dened in the usual man-
ner, i.e., normalized to the number density of objects
in the state of reference, the mass increase rates (10)
to (12) have not been normalized to the reference
mass.
4. GROWTH CHARACTERISTIC TIMES
From the meaning of the global merger rate, equa-
tion (7), we have that the density N
sur
(t) dM of ob-
jects surviving (i.e., having not merged but just ac-
creted) until the time t from a typical population with


























tion (13) and hereafter, the function M (t) is the typi-
cal mass at t of such accreting objects, approximately






[M (t); t]; (14)





equation (12) we have that the typical mass of ob-
jects evolving by continuous accretion increases with
time according to equation (14). This expression is
only approximated because the average over x leading
to equation (12) presumes all objects with the same
mass, while the mass M (t) is just the so estimated
typical mass of objects at t. Hence, the larger the in-
terval of time spent since t
0
when objects have really
identical mass the poorer will be the approximation.
The solution of equation (13) is
N
sur






















Hence, by dening the typical survival time of ob-













), as the interval of time since t
0
af-
ter which their initial density is reduced (owing to
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for the same cosmogonies (a) and (b) as in Fig. 1.
In addition, the typical mass accreted by those objects









(Caution: what LCa called survival time rather corre-
sponds to what here is called destruction time; here-
after we assume these authors using the same notation
as ours.)
In a fully similar manner we can infer the typical






, that is, the typical interval of time
since the last merger giving them rise. The density
N
pre
(t) dM of these objects pre-existing (i.e., having
just accreted matter since then) at a time t < t
0
is





















lution of equation (17) is
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the interval of time until t
0
before which their density
(owing to their progressive formation) was a factor e































And the typical mass accreted by these objects since









Finally, from the typical age and surviving time







calculated above, we can readily calculate their

































And connected with this latter quantity, there is
the total mass typically accreted by those objects














In Figures 4 and 5 we plot the typical age and
survival time, respectively, of objects at two dierent
epochs as a function of their mass M . For compar-
ison we also plot the corresponding time estimates
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the quoted values of the redshift corresponding to the same cosmogonies (a) and (b) as in the preceding gures. LCa's median age is
plotted for comparison (thin dotted lines).











                                                                                              















for the same redshifts and cosmogonies (a) and (b) as in Fig. 4. LCa's median survival time is plotted for comparison (thin
dotted lines).
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drawn from LCa model. As mentioned, our natural
denitions of the typical age and survival time (i.e.,
the time spent until the true merger when the object
will be destroyed and the time spent since the previ-
ous merger when the object was formed, respectively)
cannot be adopted in the PS approach because it does
not distinguish between merger and accretion. What
LCa called the age and survival time are two quanti-
ties which also report to the past and future evolution
of objects but have a very dierent meaning: the time
spent since the mass of some parent object was half
the current value for the object and the time required
by the object to be nd inside an object of double
mass, respectively. (Note that LCa give the full time
distributions; what we plot in Figs. 4 and 5 are the
corresponding median values.) As can be seen from
Figure 4, our age estimate and LCa's show very sim-
ilar trends: they are roughly constant with M and
increase with increasing time and at the same rate.
Only their exact values are somewhat dierent. We
must remark that this is not simply due to the arbi-
trary e-fold and 2-fold conditions for populations and
masses involved in the two denitions of age used;
to shift the values of our age to the smaller ones of
LCa's we should take, instead of a factor e, a factor
very close to unity which would render the denition
meaningless. On the other hand, from Figure 5 we
can see that the two survival time estimates show a
completely dierent, in fact even opposite, behavior.
Our result that the larger the mass of the object, the
larger its survival time is what one would expect in hi-
erarchical clustering distinguishing between accretion
and merger. Indeed, at a xed time, massive objects
are rare and they hardly merge, while light objects
are more frequent and can more easily merge. More-
over, as the time increases objects of a given xed
mass become more and more frequent, hence, their
survival time diminishes as also found in our model.
The reason why LCa survival time shows the opposite
trend in both aspects while LCa age shows a similar
behavior to our age is not trivial.
To better understand these results we plot, in Fig-
ures 4 and 5, two new characteristic times, hereafter
called half-mass-accretion and double-mass-accretion
times, dened a la LCa but in the context of our
model, i.e., they are respectively dened as the in-
terval of time spent since the mass of an object was
typically half its current value and the interval of time
required by an object to typically double its mass. As
these new times refer to the typical mass evolution of
given objects the only evolutionary process involved
is accretion, so they can be readily obtained from the
function M (t) solution of equation (14). It is worth-
while noting that, while these new times only depend
on accretion, the age and survival times as dened in
our model mainly depend on mergers. Hence, both
estimates are, in some sense, complementary.
From Figure 4 we see that the past evolution of ob-
jects is similar for all masses: objects form at a look-
back time notably greater than that required for them
to accrete half their mass (see the comment above on
the signicance of the similar dierence observed be-
tween our age and LCa's). In other words, this past
evolution of objects is mainly governed by accretion
and, consequently, we should expect the half-mass-
accretion time (only accounting for accretion) to be
close to the LCa age (accounting for accretion and
mergers). This is just what is found (see Fig. 4).
Note that the appreciable departures observed at very
large masses for z = 2 are likely due to the poor t
to the PS mass function yielded there by the values
of parameters q and 
c0




at this redshift is comparable to a present mass of
two or three orders of magnitude higher for the n=-2
ppwer-law and the CDM spectra, respectively). Now,
the half-mass-accretion time turns out to behave with
mass and time similarly to the age as dened in the
present work. This can only be fortuitous since these
two times are rather complementary. So is the simi-
larity between our age and LCa's. On the other hand,
from Figure 5 we see that the future evolution of ob-
jects strongly depends on their mass: the time re-
quired by very massive objects at a given epoch to
be destroyed is much greater than that required for
them to double their mass through accretion, while
the opposite is true for very light objects. In other
words, there is a gradation from frequent light ob-
jects where it is fully governed by mergers to rare
massive objects where it is by accretion. Therefore,
the double-mass-accretion time (only accounting for
accretion) and the LCa survival time (accounting for
accretion and mergers) should notably deviate from
each other for very light objects and yield similar re-
sults for very massive ones. Both comparative behav-
iors are once again conrmed (see Fig. 5). Note that
we should not expect now to nd such a nice agree-
ment at large masses as that found in the case of the
half-mass-accretion time and LCa's age. Indeed, the
larger the resulting value of the time estimate, the
more marked should be the eects of: 1) the approx-
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imation (eq. [14]) used to calculate accretion-times
and 2) the actual dierence between the two couples
of similar time estimates; ours report on \the time
required for objects to change their typical mass by a
given factor", i.e., they strictly involve averages along
R at xed 's, while LCa's report on \the typical time
required for objects to change their mass by the same
given factor", i.e., they strictly involve averages along
 at xed R's. Anyhow, the opposite behavior shown
by our survival time as compared to LCa's is also
claried.
5. DISCUSSION
The idea that the present clustering model relying
just on the peak model ansatz can provide a good de-
scription of hierachical clustering is at variance with
the extended opinion that peaks are not good seeds
of bound objects. Detailed N -body simulations of the
gravitational evolution of individual density maxima
show, indeed, that if their initial amplitude is small
they can be disrupted before collapsing (van de Wey-
gaert & Babul 1993). While Katz, Quinn, & Gelb
(1993) have found that even high amplitude peaks
seem to be poor tracers of bound objects, individu-
ally as well as statistically. The reason why this would
be so is that peaks are not spherical in general, nor
are they isolated. So their non-linear evolution will
markedly deviate from the spherical approximation at
the base of the peak model ansatz. However, any con-
clusion drawn from the previous N -body simulations
dealing with peak statistics is somewhat precipitated
because of the unknown eects of the use of unap-
propriate R(M ) and 
c
(t) relations, and the lack of
any correction for the cloud-in-cloud eect. In fact,
by using the accurate peak-patch formalism, Bond &
Myers (1993a, 1993b) have found that there is actu-
ally a good correspondence between high mass objects
and peaks. This is well understood since the higher
the peak relative to the typical density uctuation
on that scale, the more spherical, and the less impor-
tant the shear caused by the surrounding density uc-
tuations, particularly if the power spectrum is steep
enough (the mass spectrum at enough) to guarantee
that nearby density uctuations on similar scales are
negligible. This idea has been recently conrmed by
Bernardeau (1994) who has rigurously shown that the
evolution of high amplitude peaks (with 

> 2) in a
Gaussian random density eld is correctly described
by the spherical model provided only the logarithmic
slope of the power spectrum is smaller than n =  1.
A fundamental result of paper I was that the self-
consistency of the peak model ansatz (in the extended
version assuming the mass of objects an increasing
function of the ltering scale alone) completely xes
the ltering window and the R(M ) and 
c
(t) relations
to be used. After calculating the density of peaks at
a xed 
c
and performing the appropriate correction
for the cloud-in-cloud eect we obtained a mass func-
tion which is in overall agreement with N -body sim-
ulations (since in agreement with the PS mass func-
tion) for appropriate values of two parameters. In the
present paper we have calculated the growth rates and
characteristic times of bound objects. As far as we
can tell from the shapes of the mass function and the
merger and capture rates our model yield a descrip-
tion of hierarchical clustering which is in qualitative
agreement with that provided by LCa when no dis-
tinction is made between merger and accretion. The
interest of our model precisely relies on the fact that it
automatically incorporates that practical distinction.
This enables us to calculate other important quan-
tities, namely the destruction, formation, and mass-
accretion rates, and the (true) formation and survival
times as well as the half-mass-accretion and double-
mass-accretion times not available in the LCa model.
The statistics which put the most severe limitation to
the applicability of our model (i.e., which establishes
the largest lower mass limit for its validity at a given
epoch) are the merger and capture rates per specic
mass of the nal object. The model can still apply,
however, to smaller masses if we resign ourselves to
less detailed information. For example, there is no
restriction at whatever redshift if one uses the con-
uent system formalism to infer the mass function of
objects. A thourough comparison between our model
and N -body simulations as that carried out in LCb
with their own model is however needed in order to
draw more quantitative conclusions on its general as
well as detailed validity.
This work has been supported by the Direccion
General de Investigacion Cientca y Tecnica under
contract PB93-0821-C02-01.
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APPENDIX A: PREPARATORY RESULTS
A.1. DISAPPEARING PEAKS
From the Taylor series expansion of the gradient of the density contrast smoothed on scale R, , around the
location r
p














> 0, the eigenvalues of the second order cartesian derivative tensor 
ij
changed of sign evaluated at r
p
or


















are random Gaussian variables. So the typical density of peaks on scale R around an arbitrary point














for the joint probability of the random variables involved, with 
i
strictly positive, evaluated at the arbitrary point.
This is the scheme followed by BBKS for obtaining the density N
pk
(;R) d of peaks with scaled density contrast
 in an innitesimal range.
According to the identication criterion among peaks on contiguous scales, a peak at r
p
on scale R will disappear
in reaching the scale R + R, with R positive and arbitrarily small, provided only this is the rst scale larger
than R with no peak in the neighborhood jr  r
p
j  O(R) of the former peak. From the Taylor series expansion
of  at the nearest point r
p
0
with  = 0 on scale R+R around the peak r
p
















Thus, on the new scale R+R there is some peak in the neighborhood jr  r
p
j  O(R) of the old peak on scale
R provided only that all 
i
are of order unity (this also guarantees that all 
i










were too. But the probability for
this to happen is negligible as compared to the more general preceding case. Therefore, for that condition to be
broken for the rst time at R+R, some eigenvector 
i
must become of order R or, equivalently, must vanish
at RR.
Consequently, the density of peaks on scale R at an arbitrary point r disappearing at R
0
in the neighborhood
of R, with R
0




) >, with all eigenvalues 
i
positive, as in BBKS, and the












But condition (A5) implies, at the same time, that the smallest eigenvalue 
i
also vanishes in the neighborhood
of r
p
on scale R. Thus, in neglecting second order terms in equation (A1) the term in that component 
i
must
be neglected, too. Accordingly, were we interested in calculating the density of peaks disappearing at R
0
in the
neighborhood of R, we should take for that component of r  r
p


























) evaluated at the peak on scale R and the remaining variables evaluated at the arbitrary point r.
But our aim here is just to show that the normal density N
pk
(;R) d of peaks calculated by BBKS and, hence,
the density N
pk
(R; ) dR derived from it in paper I do not include the contribution of peaks disappearing in the
neighborhood ofR. Indeed, in performing the average (A3) for all components, disappearing peaks with the smallest

i
of order R yield a null contribution. In other words, these densities only include those peaks robust enough
for their continuity in the  vs. R diagram to be guaranteed in some range of scales around R. This will be used
in Appendix B.
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A.2. DENSITIES OF PEAKS WITH SPECIFIC VALUES OF RANDOM VARIABLES
In next Appendixes we will be concerned with densities of peaks with values of the random Gaussian variables





























] (i  2) (A7)
on scale R in innitesimal ranges. All these densities can be inferred from the density of peaks with  and x on
scale R in innitesimal ranges (BBKS)
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>, respectively, V stands for the 1  n matrix of components v
i
, and T denotes transpose.
Note that, although equation (A9) involves, in principle, the conditional probability for peaks, the conditional
probability (A10) is for simple points. The reason for this is that the condition for a point to be a peak refers to the
values of variables 
i
, x, y, and z (see BBKS for the denition of y and z). While none of the variables v
i
dened
above correlates with any of these variables except for x. Consequently, the conditional probability of nding any
specic value of v
i
does not depend on whether we are dealing with a peak or simply a point with the same given
(positive) value of x.
The correlations among variables v
i


















(i; j  0), with 
ij
the Kronecker delta. We must remark that, although the notation used in the preceding
equations presumes all variables dened on scale R, they are also valid for variables dened on dierent scales by
just appropriately changing the values of the spectral moments involved. In particular, were any variable, say v
i
,
dened on another scale R
0
























Thus, from equations (A8) to (A11) one can readily calculate the density function N
pk
of peaks at a xed scale
R per innitesimal ranges of , x, and any other set of the previous variables v
i
(i  2). And by integrating it over














we can infer the density function N
pk
of peaks at a xed  per innitesimal ranges of R, x, and the same set of
variables v
i
(i  2). Consequently, such density functions N
pk
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Moreover, following the same scheme starting from the conditional density analogous to the normal density in
equation (A8) but for peaks subject to any given constraint one is led to the same relation as above between couples




per innitesimal ranges of any set of variables v
i
(i  2) subject to
that constraint.
A.3. NESTING PROBABILITIES
Collapsing clouds associated to non-nested peaks with xed  yield a partition of space which makes the mass
function of objects at t be correctly normalized (see paper I). This implies that the volume fraction occupied by






or, equivalently, the probability to nd








. (Note that this is an approximate expresion for it
assumes the smoothed density contrast in the whole cloud centered at the peak on scale R
0
























gives the probability that a typical peak with  on scale R is nested within some non-nested peak with identical








), hereafter simply called the (dierential) nesting
probability of a peak. This was used, in paper I, to derive equation (1). Likewise, the nesting probability of peaks
with given values of variables , x, and any set of variables v
i
(i = 2; :::; n with arbitrary n) is
P (R
0












































; ) in equation (A13) but






. The last factor on the right-hand member of equation






















































































dened in equation (A10), and P(;R) d the Gaussian probability
to nd the scaled density contrast on scale R between  and  + d. Notice that, for identical reasons as for the
conditional probability in equation (A10), the conditional probability given in equation (A14) applies, in fact, to
points. Note also that we are using the same convention for the notation of the conditional probabilities as for the
density functions: they are denoted by a caligraphic capital p (in contrast with the notation used in BBKS) when
they are per innitesimal range of  at a xed R, and by a roman capital p when they are per innitesimal range
of R at a xed . Finally, it is worthwhile mentioning that, contrary to what is suggested by the present notation,
we can write  or , indistinctly, when specifying the condition.
From equation (A10), it is clear that the nesting probability given by equations (A14) and (A15) will depend
on variables v
i
provided only that these variables have non-null correlations with  (or ) and x on scale R or
any explicit variable correlating with them. This is what happens with the variables v
i
dened in equation (A7)
involving the dierent order scale derivatives of the density contrast. (This is readily understood from the Taylor
series expansion of  on scale R
0
around R: the probability that a point has  on scale R
0
depends on the value
of all scale derivatives of the density eld on scale R.) Thus, to accurately infer the density of nested peaks
in any given peak population one must calculate the distribution of these innite variables in that population.
The only noticeable exception concerns the typical population of peaks. The density of typical peaks at  with
values of v
i










, times the nesting probability
P (R
0






integrated over any subset of variables v
i
coincides with the product of these two
functions without the explicit dependence on the integrated variables, as readily seen from equation (A14) valid
for any arbitrary values of the subindexes. In particular, the integral over all v
i
for i  1 is equal to the product of
N
pk
(R; ) dR times the reduced nesting probability P (R
0
; jR; ) dR
0
given in equation (A13), which justies this
latter expression and equation (1).
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; :::; R) d
0
extended to the innite set of variables v
i
dened in
equation (A7) can be obtained according to equation (A10). After some lenghty algebra using intermediate variables























































































(i  0), where a prime denotes the scale R
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(j  1 and i 6= j) in addition to B
0
= 1 and 
i 0




























for i > k.
From the general expressions of w and 
2
w
, equation (A10), it can be shown, through the intermediate use of
variables 
(n)

































On the other hand, taking into account that the correlation between two variables is equal to the integral of the
















































(i  0) and

















(i  0), which also implies
< x  >= 0 < x
2
>= 0: (A25)












> equal to unity. Indeed, according to its denition, equation (A17), 

0
is null for R
0
= R and since it does
not depend on R it is necessarily null for any value of R
0
















This result is not surprising since xing the values of the density contrast and every order scale derivative of it on
a given scale R automatically xes, through the Taylor series expansion of  as a function of the ltering scale,
the value of the density contrast in any other scale R
0
. Finally, by substituting P given by equation (A26) into
equation (A15) and the latter into (A14) we arrive to the following expression for the nesting probability
P (R
0
































APPENDIX B: NET DENSITY OF PEAKS BECOMING NESTED
The density of peaks at 
f














,... in innitesimal ranges, which result by continuous evolution from peaks at  on scales



















































































































































::: of peaks is
conserved through continuous evolution from  to 
f
. There likely is a small amount of peaks which disappear in
that innitesimal range of  but, as shown in Appendix A.1, these are not counted in N
pk
so they must not be
corrected for. Equations (B2) and (B3) give the shift from  to 
f
in the values of all the relevant variables. It is
important to outline that we need to know, indeed, the values of all variables R and v
i
(i  1) at 
f
in order to
calculate the density of evolved peaks which are nested since, as explained in Appendix A.3, the nesting probability







. Equation (B2) arises




(see paper I). While the shift
in the variables v
i
, equations (B3), is equal to the sum of two terms: one coming from the scale derivative of
each particular variable, and a second one coming from the scalar product of its spatial gradient times the shift in









; ::: (see Appendix A.3). Thus, in averaging





the same as for arbitrary points). Consequently, we can drop these second terms which is equivalent to taking an
eective location for each evolved peak equal to the mean expected value, that is, the same location as the original
peak.
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after evolving to 
f
, are found to be nested (although not necessarily just become nested) into non-nested peaks








































































,... and  through equations (B2) and









giving the density of peaks at  per innitesimal range of R which are nested at 
f











; :::. Given the simple expression





to  and x. This can be done by repeated application of the scheme given in Appendix A.2.










; ) dRdx d = N
pk



























































































) already used in BBKS. Then, from correlations (A24) and (A25)
we are led to
N
pk
(R; x; ; x;R
0




; ) dRdx d (x) dx: (B7)






 can only depend on R
0









) must be null. Finally, following the same procedure




; ::: in innitesimal ranges. But


























=    x=(x
0
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) given, for variables with subindex f , by equation (A27). Then, by























































































































giving the probability (only for R
0
> R; the case R
0
= R being excluded) that a peak with  on scale R is located
on a disjoint background with 
f






. This is just what one would expect from the
same arguments leading to the nesting probability (A13). Notice however that, in contrast to that case, in which

f
=  so that the corresponding probability could only include the nesting eect, the probability on the left hand
side of equation (B12) corresponding to 
f





but also direct evolution of peaks from R to R
0
. While, by construction, the right-hand member
of equation (B10) only includes the former kind of eect. However, as readily seen from a similar development as
that leading to N
nest
pk




is of high order
in =(R
0
 R). Therefore, these two expressions coincide, for a given xed dierence R
0
 R, to rst order in 
as used in equation (B12). (This reasoning shows, in particular, that eq. [B11] is not true in general; it is only
approximately satised for very small values of . The reason for this is clear. The spatial shift of evolving peaks
makes the dierent order scale derivatives of the density contrast of the evolved peak at 
f
deviate from those of
the initial point at the same 
f
for arbitrarily large values of  (see eq. [B3]). The equality only holds to rst





dierent, in general, from the probability that the corresponding evolved peak at 
f
is located in that background.
These two probabilities only approximately coincide for very small .)
We are now ready to calculate the net density of peaks with  on scales between R and R+ dR becoming nested
into (being destroyed in a merger giving rise to) non-nested peaks with 
f















. (Superindex d stands for destruction since we are dealing with true mergers.)
To do this we must simply correct the density of peaks which, after evolving from  to 
f
, turn out to be nested into
non-nested peaks with such larger scales for nesting at the initial  in the ancestors of those disjoint backgounds
at 
f
. (Note that these ancestors concern, in principle, any kind of evolution, although the contribution of direct
evolution can be ignored in practice since being of higher order in ). This correction can be readily performed










































;  ! 
f





;  ! 
f






But we do not need to solve equation (B13). Given the meaning of N
d













). (Notice that R
00
reaches the value R
0














;  ! )  0 (for
R < R
0
as in the present case). Thus, equation (B13) reduces to a simple relation between rst order terms in .

























































d of non-nested peaks at  with scales be-

















; )N (R; jR
0
; )]. Actually, this latter function is a very good approximation to the wanted
solution (with an error of less than 10% for the whole range of R
0
in the least favorable case of R close to the lower



































; ) given by numerical dierentiation of the scale function N (R
0
; ) or, what is more accurate, by the




























































resulting from dierentiation of equation (1).
APPENDIX C: NET DENSITY OF NON-NESTED APPEARING PEAKS





ranges is equal to the density of peaks found with these characteristics minus the density of those of them arising
by continuous evolution from peaks at 
i
  + , with  positive and arbitrarily small. Therefore, the net
density of non-nested peaks appearing (forming) with the previous characteristics is
N
f










































; :::) the integral (over R
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Equation (C2) is but equation (B1) for the present values of the initial and nal density contrasts, while the present
relations between variables with and without subindex i are just the inverse of those given in equations (B2) and
(B3). Note that, for the same reasons as in Appendix B, we are forced to follow the evolution of the whole innite





From equations (C1) and (C2) we have
N
f










































with J the Jacobian of the transformation from variables with subindex i to variables without subindex. Thus, by
integrating equation (C3) over all intermediate variables we obtain
N
f




























In deriving equation (C4) we have used the fact that N
pk
(R; ) times the probability that a peak with  on scale R
be nested, P (R; ), is just equal to the dierence N
pk
(R; ) N (R; ) (eqs. [A13] and [1]). We have also transformed
the variables at  in the integral on the right hand side to variables at 
i
, which balances the Jacobian jJ j, and
then dropped subindexes i for the new variables while written subindex f for the old ones, which makes them be
related within each other just through equations (B2) and (B3).
For identical reasons as in Appendix B, it is convenient to express N
pk
and the nesting probability P in equation









in equation (C4) become trivial, while those involving x;  and x have been calculated in Appendix B (eqs. [B8]
and [B10] for the dierential nesting probability, eq. [A13], instead of the integral form used here). The nal result
after taking the limit  ! 0 is
N
f
(R; ) dRd = @


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with @

N (R; ) given in equation (B15).
APPENDIX D: MASS ACCRETION RATE
From equation (B2) we have that the mass accreted from  to 
f
    , with  positive and arbitrarily









The density of such accreting non-nested peaks is
N
a
(R; x; ) dRdx = N (R; x; ) dRdx: (C2)
In writing equation (D2) we have taken into account that the density of non-nested peaks not accreting because
merging from  to   is a higher order correction (see the discussion leading to eq. [B14]). Therefore, by dividing
the density (D2) by N (R; ) dR we obtain the conditional probability p(x;Rj;R) dx that an accreting non-nested
peak at  with scale R has the appropriate value of x in order to increase its mass by M given by equation
(D1) in the passage from  to   . From equation (1) but for peaks with variable x in an innitesimal range
(or, equivalenly, from eq. [A14], after integrating the product N
pk
P over the remaining variables) this conditional














































in terms of the
analogous density functions calculated by BBKS (see eq. [A8] and paper I).
By changing variable x into M
0
= M + M we can compute the instantaneous accretion rate of objects of
mass M per specic range of mass M
0
of the nal object similar to the merger rate (6). By doing so we arrive
to the fact that this transition rate is identically null. The reason for this is that, as mentioned in Appendix B,









is of higher order than one in  = 
f
  . This result is well understood. From the
viewpoint of the accreting object, the process is not a transition between two dierent masses but as a continuous
mass increase. Consequently, no discrete increment M can be achieved in the limit  ! 0. Of course, such a
continuous evolution of the accreting object during the small interval t necessarily causes (is made at the expense
of) the merger (capture) of a number of tiny objects which do make a nite transition in mass. And it is taking the
limit for vanishing t of the change in the number density of these latter objects that one obtains a non-vanishing
accretion(+merger) rate (see x 3).
In any event, there is no problem, even from the viewpoint of accreting objects, in obtaining the instantaneous
mass accretion rate at t for objects of mass M . Equation (D1) tells us that the instantaneous mass increase rate,






















Therefore, the instantaneous mass accretion rate, at t, for objects of massM (disregarding any other particularity)
is the average of the specic rate (D4) for the probability function (D3) with R and  = 
c
expressed in terms of























We must remark that the preceding derivation does not assume < 1=x >= 1= < x >; equation (D5) exactly arises
from the forms of the function to be averaged, the probability density function, and the function N (R; ) (eq. [1]).
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